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Abstract 

We study the small noise asymptotics for two-dimensional Navier-Stokes equa¬ 
tions driven by Levy noise. A central limit theorem and a moderate deviation 
are established under appropriate assumptions, which describes the exponen¬ 
tial rate of convergence of the stochastic solution to the deterministic solution. 
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1 Introduction 

Let n be a bounded open domain in with smooth boundary dD. Denote by u and p the 
velocity and the pressure helds. The Navier-Stokes equation, an important model in fluid 
dynamics, is given as follows: 

dtu — h'Au + {u-'V)u + 'Vp = h in D x [0,T], 

with the conditions 

( V-u = 0 in D X [0,T]; 

< u = 0 in dD x [0,T]; 

y Uq = X in n, 

where i/ > 0 is the viscosity, h stands for the external force. Without loss of generality, set 

T = 1. 

To formulate the Navier-Stokes equation, we introduce the following standard spaces: let 
V = [v E Hq{D; M^) : V • n = 0, a.e. in D] , 


with the norm 
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and let H be the closure of V in the L^-norm 


||n||// := \v\^dx 

Dehne the operator A (Stokes operator) in H by the formula 

Au := -uPhAu, Vm e H^D; M^) n V, 

where the linear operator P^ (Helmhotz-Hodge projection) is the projection operator from 
L^{D] M^) to H, and define the nonlinear operator B by 

B{u,v) := Ph{{u ■ V)n), 

with the notation B{u) := B{u,u) for short. 

By applying the operator Ph to each term of the above Navier-Stokes equation (NSE for 
short) , we can rewrite it in the following abstract form: 

dut + Autdt + B{ut)dt = ftdt in L^([0,1]; E'), (1.1) 

with the initial condition uq = x ^ H. 

The purpose of this paper is to study the small noise asymptotics for two-dimensional 
Navier-Stokes equations perturbed both by Brownian motion and by Poisson random meaure, 
that is 



du^ + Au^dt + B{u^)dt (1.2) 

=ftdt-\ — ^a(t,u?)d(3t — [ G(t,u?,v)N^(dt,dv), 

Vn n 

with the initial condition = x E H. Here /3 is an iif-valued Brownian motion, and N'^ is a 
compensated Poisson random measure on [0,1] x X with intensity measure ndt'd{dx), where 
"d is a cr-£nite measure on X. a and G are measurable mappings specified later. 

As the parameter n tends to infinity, the solution u” of fll.2p will tend to the solution 
of the deterministic Navier-Stokes equation fll.ip . In this paper, we shall investigate the 
asymptotic behavior of the trajectory, 

Y,^-.= \{n){u^-Ut), te[0,l], (1.3) 

where A(n) is some deviation scale which strongly influences the asymptotic behavior of Y'^. 

(1) The case A(?t.) = 1 provides some large deviation estimates, which have been extensively 
studied in recent years. Wentzell-Freidlin type large deviation results for the 2-D 
stochastic Navier-Stokes equations with Gaussian noise have been established in [2^ . 
and the case of Levy noise has been established in [32] and [ 33 ] • Large deviations 
for other stochastic partial differential equations also have been investigated in many 
papers, see IS], 122] and references therein. 

(2) If A(n) = y/n, we are in the domain of the central limit theorem (CLT for short). 
We will show that, as n increases to oo, ^/niu^ — u) converges in distribution to 
the solution V°° of stochastic equation fl3.2ip . which is driven by Brownian motion. 
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Much of the problem is caused by the fact that V°° E C{[0,T], H), but y/n{u'^ — 
u) E D{[0,T], H). Roughly speaking, in order to solve this difficulty, we need to 
establish some tightness properties in -D([0, T], H) and apply some relationship between 
Z)([0,T],if) and C{[0,T], H). Recently, Wang et ah |27] established a central limit 
theorem for 2-D stochastic Navier-Stokes equation with Gaussian noise, in their paper, 
they only need to focus on the space C{[0,T], H). Another difficulty is to deal with 
the highly nonlinear term B{u,u), which makes the problem more complicated. 

(3) To hll in the gap between the CLT scale [A(n) = ^/n ] and the large deviations scale 
[A(n) = 1], we will study the so-called moderate deviation principle (MDP for short, 
cf. [S]), that is when the deviation scale satishes 

A(u) —)■-l-cxo A(n)/\/n—j-O as n ^+oo. (1.4) 

Throughout this paper, we assume that fll.4p is in place. 

On one hand, like the large deviations, the moderate deviation problems arise in the 
theory of statistical inference quite naturally. The estimates of moderate deviations 
can provide us with the exponential rate of convergence and a useful method for con¬ 
structing asymptotic conhdence intervals, for example, see recent works [12], [15] and 
references therein. On the other hand, the quadratic form of the MDP’s rate function 
allows for the explicit minimization and in particular, it allows to obtain an asymptotic 
evaluation for the exit time, see [T8] . 

In this paper, for the additive noise case, we obtain a moderate deviations of fll.2p 
by the generalized contraction principle together with a moderate deviation result for 
Levy process. In addition to the difficulties caused by the Levy noise, much of the 
problem is to deal with the highly nonlinear term B{u, u). We have to prove a number 
of exponential estimates for the energy of the solutions as well as the exponential 
convergence of the approximating solutions. 

At the end of this part, we mention that Budhiraja et al. [S] obtained a general 
moderate deviation principle for measurable functionals of a Poisson random measure 
by the weak convergence approach. Applying this abstract criteria, the second named 
author and coauthors establish a moderate deviation principle for two-dimensional 
stochastic Navier-Stokes equations driven by multiplicative Levy noises in [S]. However, 
the moderate deviations results in [S] do not cover the results in this paper, because 
the assumptions in those two papers ( see Condition B in [9] and Condition 14.11 in this 
paper) have no subordinate relationship. Wang et al. [27] also established a moderate 
deviation principle for 2-D stochastic Navier-Stokes equation with Gaussian noise. 

There exists a great amount of literature on other properties for the stochastic Navier- 
Stokes equation, we only refer to [amEiEi] for its existence and uniqueness of solutions, 
and [13] for its ergodic properties and invariant measures. We also mention some results 
on MDP. Results on the MDP for processes with independent increments were obtained in 
De Acosta [T] and Ledoux [19]. The study of the MDP estimates for other processes has 
been carried out as well, e.g., Wu [29] for Markov processes, Guillin and Liptser [13] for 
diffusion processes, Wang and Zhang [28] for stochastic reaction-diffusion equations. 

The organization of this paper is as follows. In Section 2, we shall give some preliminary 
results on 2-D stochastic Navier-Stokes equations. Section 3 is devoted to establishing a 
central limit theorem in the multiplicative noise case. In Section 4, we hrst put a number 
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of exponential estimates and several preliminary results on moderate deviations for levy 
process, then we establish a moderate deviation principle in the additive noise case. 

Throughout this paper, ck, Cp, - ■ ■ are positive constants depending on some parameters 
K,p, - ■ ■, independent of n, whose value may be different from line to line. 


2 Preliminaries 


Let V be the dual of V. Identifying H with its dual H', we have the dense, continuous 
embedding 

V ^ H ^ H' ^V. 

In this way, we may consider A as a bounded operator from V to V . Moreover, we denote 
by (•, •) the duality between V and V and by (•, •) the inner production in H. Hence, for 
u = {ui) E V, w = {wi) G V, we have 


{Au, w) 



diUjdiWjdx. 


(2.5) 


Since V coincides with we can endow V with the norm UmIIv = Because 

the operator A is positive selfadjoint with compact resolvent, there is a complete orthonormal 
system {ei, 62 , • • ■ } in if made of eigenvectors of A, with corresponding eigenvalues 0 < Ai < 
A2 <•••—)■ 00 {Aci = AjCj). 

Dehne 6 (-, x x ^ ® by 


b{u, V, w) = 




UidiVjWjdx, 


' D 


in particular. 



UidiVjWjdx = b{u,v,w). 


B{u) will be used to denote B{u,u). By integration by parts. 


( 2 . 6 ) 


b{u,v,w) = —b{u,w,v), 


(2.7) 


therefore 

b{u,v,v)=0, yu,vEV. (2.8) 

There are some well-known estimates for b (see [21] and [21] for example), which will be 
required in the rest of this paper. 


\b{u,v,w)\ < c||m||v • ||n||y • ||tc|ly, 

\b{u,v,w)\ < 2\\u\\l ■ \\u\\l ■ \\v\\l ■ \\v\\]j ■ ll^lly, 

\b{u,u,v)\ < -||M||y+ c||n||^4 • ||m||^, 

iy 32 

\{B{u) - B{v),u- n)| < ^\\u - v\\y + ^||m - v\\]j ■ \\v\\\ 4 , 

2 


(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 
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where 


(2.13) 


IfIIl 4 5: IpllyIPIIr/- 

Let us set up the stochastic basis. Let (fi, T, P) be a probability space equipped with 
a hltration > 0} satisfying the usual condition. Let [3 be an Lf-valued Brownian 

motion on (ff, P) with the covariance operator Q, which is positive, symmetric, 

trace class operator on H. Let (X, i3(X)) be a Polish space and 'd{dx) a cx-hnite measure 
on it. Let p = {p(t),t G Dp) be a stationary J^^-Poisson point process on X with char¬ 
acteristic measure -d^dx), where Dp is a countable subset of [0, oo) depending on random 
parameter, see [I6]. Denote by N{dt,dx) the Poisson counting measure associated with p, 
i.e., N{t, A) = Yls&Dp s<t ^a{p{.s)). Let N{dt, dx) := N{dt, dx) — dt'd{dx) be the compensated 

Poisson random measure. Denote N‘^{dt, dx) the compensated Poisson random measure with 
the characteristic measure ndt'd{dx). 

Let iLo := Then is a Hilbert space with the inner product 

{u,v)o = Vu,v e Ho. (2.14) 

Let I ■ |o denote the norm in Hq. Clearly, the embedding of Hq in H is Hilbert-Schmidt, since 
Q is a trace class operator. Let Lq{Ho; H) denote the space of linear operators S such that 
is a Hilbert-Schmidt operator from H to H. Dehne the norm on the space Lo(Ho\ H) 

by ||S|U, = yti(SQS-). 

Introduce the following conditions: 

Condition 2.1 There exists a constant K > 0 such that 
(C.l) (Growth) For all t G [0,1], and u E H, 

\Wit,u)\\l + [ \\G{t,u,v)\\jjid{dv) < K{l + \\u\\jj); 

Jx 

(G.2) (Lipschitz) For all t G [0,1], and ui, U 2 G H, 

||cr(f,Mi) - (y{t,U 2 )\\\ + [ \\G{t,ui,v) - G{t,U 2 ,v)\\H'd{dv) < K\\ui - msIIh- 

Jx 

(G.3) The force term f is in ^"^([0,1]; V), that is 

WfsWvids < oo. 

Using the similar approach in [2l], one can show that Eq. fll.21) has a unique solution u" 
in D([0,1]; iP) H L^([0,1]; U), where D([0,1]; H) be the space of all the cadlag paths from 
[0,1] to H endowed with the uniform convergence topology. Also refer to [1]. 

Denoted by ^^([O, l];iL) be the space of all the cadlag paths from [0,1] to H endowed 
with the Skorokhod topology, see [T6] . 
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3 Central Limit Theorem 

In this section, we will establish the central limit theorem. 

The following estimates can be proved by Ito’s calculus, see Theorem 1.2 in |1]. 
Lemma 3.1 Under Condition \2. R for all n> 1, 


{ii) 


Moreover, 


hence, by fl2.13l) . 


e ( sup ||m”||^+ [ ^ 

\o<t<i Jo J 


E ( sup IIm^II^ + / ||m"||^ • \\uf\\ldt ) < Cf^K- 
\0<t<l Jo 


sup \\Ut\\H+ / 

0<i<l Jo 


Irdt < CfX, 


(3.15) 


(3.16) 


(3.17) 


\,dt < Cf^K- 
Jo 

The next result is concerned with the convergence of as n ^ +cx). 
Proposition 3.1 Under Condition \2.R for all n>l, 


Proof: By Ito’s formula. 


El sup \\u^ — Ut\\jj + 2u / \\u^ — UtWydt \ < —Cf^K- 


n 


— UtW'jj + 2u / \\u^ — UsWyds 


'0 


rt 


= -2 {B{u:)-B{us),u:-Us)ds 

Jo 

2 1 


'n Jo 

2 


{a{s,u'^)d/3s,u^ - Us) + 




n 





U Jo Jx 

1 


<_ - Us-, G{s, v) )N^{ds, dv) 




+ -/ \\G{s,u:_,v)rHN-{ds,dv) 


0 JX 


—:/i(f) + l2{t) + Joit) + G{t) + 

For the hrst term, by fl2.12p . 

\h{t)\< [ (uWu'f -UsWy + ^Wu'^ -Us\\H-\\Us\\li]ds. 


(3.18) 


(3.19) 


(3.20) 
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For the second term, by the Burkholder-Davis-Gundy inequality and Condition 12.11 


E 

sup 1 / 2 ( 5 )! 

= -^E ( sup 

[ {a{l,u'l)d(3uu'l -ui) 


0<s<t 

x/n \o<s<t 

Jo 


4 ^ ^ 
<^E 
'n v./o 


\ 1/2 

+ \K\\h)\K - UsWndsj 


<—=E sup IIm” — 

x/n \o<s<t 


rt \ 1 / 2 ^ 

K{l + \\u:\\l)ds 


( 


16, 


<-E( sup +—E( / iF(l+||<||^)ds 

4 \o<s<t J n 


For the third term, 


i/3(t)i<- / K{i+\\u:rH)ds. 


n 


For the martingale term by Burkholder-Davis-Gundy’s inequality. 


E 


sup 1 / 4 ( 5 ) 

0<s<t 


4^ ^ 
<-E 
n 



0 


<—E sup \\u'^ — Us\\h 

n \ o<s<t 


< 


u^_-Us-fH\\G{s,u:_,v)\\lN^{ds,dv) 

\\G{s,u:_,v)\\j,N-{ds,dv) 



For the hfth term by Condition 12.11 


E 


sup 15 ( 5 ) 

0<s<i 



||G(5,<_,n)||^iV"(d5,dn) 
\\G{s,u^,v)\\Hid{dv)ds 


Therefore, combining the above inequalities, we get 


E - sup ||m” - Us\\h + ^ / \\u^ - UsWyds 
2 o<s<t Jo 


<E 


64, 


34, 


n 


- UsWh ■ WusWi-ids ] -\ -/ -^(1 + h Vt e [0,1] 


By Lemma 13.11 and applying the Gronwall’s inequality, we have 
E[ sup \\u^ — UsWjj + 21^ / \\u^ — Us\\yds\ 

\0<S<1 Jo J 


< exp 


f ||Ms|lL4(is| X ^E ( / K{1 + \\u^\\‘jj)ds 
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1 

<-Cf,K, 

n 


which is fl3.19p . The proof is complete. 


Set /9i be an if-valued Brownian motion with covariance operator Q, /92 be an if-valued 
cylindrical Brownian motion, /3i and (52 are independent. Let V°° be the solution of the 
following SPDE: 

dV(^ + (^AV(^ + B{V(^,ut) + B{ut,Vnyt = a{t,ut)d/3i{t) + a{t,ut)d/32{t), (3.21) 

with the initial value = 0, and 

{a*a{t,ut))i,j = f {G{t,ut,v),ei){G{t,Ut,v),ej)id{dv). (3.22) 

Jx 


Using the classical Galerkin method, the existence and uniqueness of the solution for 
fl3.2ip can be proved similarly as for the case of 2-D stochastic Navier-Stokes equation. 
Furthermore, the solution has the following estimate 


E 


sup \\Vt 

0<t<l 


oo ||2 

t \\h 


+ E 




lydt 


) < Cf^K- 


Our hrst main result of this paper is the following central limit theorem. 

Theorem 3.2 (Central Limit Theorem) Under Condition \2. 1[ y/n(u'^ — u) converges in 
distribution to V°° in the space Z1([0,1]; if) O L^([0,1]; U). 

Proof: Theorem 13.21 follows from the Proposition 13.31 and Proposition 13.41 below. ■ 

Consider the following SPDE; 

fU” + (aU" + 5(U”, Ut) + B{ut, Ut"))di 

= a(t,ut)d(3(t) -\—[ G(t,ut-,v)N'^(dt,dv). (3.23) 

Vn Jx 

Proposition 3.3 Under Condition \2.1[ 



Proof: The proof is similar to that of Theorem 3.2 in 127], we omit it here. ■ 

Proposition 3.4 Under Condition \2.1\. converges in distribution to V°° in the space 
D([0,l];ff)nL2([0,l];U). 

After giving several lemmas, we will establish Proposition 13.41 at the end of this section. 
Let us recall the following two lemmas (see [2] and [H])- 

Lemma 3.2 Let E be a separable Hilbert space with the inner product (•,•). For an or¬ 
thonormal basis {xfcjfceN E, define the function rf : E ^ by 

^lix) = L e M. 

fc>L+l 

Let V be a total and closed under addition subset of E. Then a seguence of stochastic 

processes with trajectories in fis([0, l],E) is tight iff the following two conditions hold: 
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(1) {A'“} is V-weakly tight, i.e. for every h eV, /i)}neN is tight in -Ds([0,1],K); 

(2) For every rj > t) 


lim lim snp P [ rj^{Xf) > rj for some s G [0,1]) = 0. 

Let be a sequence of random elements in ^*([0,1], M), which satishes the fol¬ 
lowing Assumption (A); if for each sequence satisfying 

(a) for each n G N, is a stopping time with respect to the natural a-helds, and takes 
only hnitely many values; 

(b) the constant <5,1 G [0,1] satishes that 5^ —t 0 as n —)■ cxd, 
then V^iTn + 5n) — Y"'{Tn) —)■ 0 in probability, as n —)■ cxd. 

For / G -Ds([0,let J(/) denote the maximum of the jump \ f{t) — f{t—)\. 

Lemma 3.3 Suppose that {F’^jneN satisfies Assumption (A), and either {F’^(O)} and { 
are tight or {Yf'j is tight on the line for each t G [0,1], then {F"} is tight in -Ds([0, 


Let be the solution of the following SPDE, 


dZf + AZfdt = dYf^, 


(3.25) 


with the initial value Z^ = 0, Y^ = 0. Then Z^ G L*([0,1]; iL) fl L^([0,1]; V) and it has the 
following estimate 


e( sup WZfWl) +e( f \\Zn\ldt)<Cf^K. 

Vn<*<l / V /n / 


(3.26) 


where Cf^K is independent of n. 


Lemma 3.4 The family {{Z"^ ,Y'^),n Efi} converges in distribution to {Z ,Y) in H)n 

L‘^{[0,1];V), Ds{[0,l]; H)), where (Z,Y) satisfies 


{ dZt + AZtdt = dYf, 
dYt = a(t,ut)d/32(t), 

Zo = % = 0 . 

Proof: The proof is divided into the following two parts. 

Part 1. We have the following three results (a) (b) and (c). 
Let Z be the solution of the following SPDE, 


dZt + AZtdt = dYt, 

dYt = G(t, Ut-,v)N(dt, dv), 


(3.27) 


(3.28) 


with the initial value Zq = 0,Yo = 0, where N is the compensated Poisson random measure 
with intensity measure dtA{dx). Let (Fj, Aj)igN be a sequence of independent copies of {Z, N) 
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on some probability space (f2, IP). Then the compensated Poisson random 

measure and have the same distribution. Consequently, {Z^, Y^) is identically 

distributed with ^ TJ^=i{Zi, Yi) in (£>*([0,1]; H) fl ^^([0,1]; V), (T>^([0,1]; i^)). 

(a) Since 

= [ [ \\G{s,Us,v)\\Hi^{dv)ds 
Jo Jx 

is hnite and continuous, by the central limit theorem for semimartingales (see [m Chap¬ 
ter VIII, Theorem 3.46]), converges in distribution to a Wiener process with 

characteristics (0,Q(t)), where 

Qijit) = [ [ {G{s,Us,v),ei) ■ {G{s,Us,v),ej)^{dv)ds. (3.29) 

Jo Jx 


(b) By the central limit theorem in Banach space, see [201 Theorem 6], ^ Zi satishes 
the central limit theorem in the space T^([0,1]; V). 

(c) Now we prove that Z” is tight in T)s([0,1]; hf). We will prove that Z'^ satisfies 
conditions (1) and (2) in Lemma [3.21 

Step 1. Fix h G D{A). By (|3.26p . {{Z^,h)H}nm is tight in R for each t G [0,1]. 

Let {Tn,Sn} satisfy (a) and (6) in Assumption (A). By 03.2511 . we have 

1 


^Tn + CTn ^ Tn 


For Ji, 


For J2, 


(‘Tn-\-Sn pTn-\-5n 

AZ^ds+ / 

Ln ^ Yn 


n 


G{s, Us-, v)N'^{ds, dv) in V' 


= . _L j2 


E\{jlh)H\<Sn\\Ah\\H-E 


sup \\Z^\\h 
se[o,i] 


(3.30) 


(3.31) 


<||h||^-E' ' 


\\G{s, Us, v)\\H'd{dv)ds 


<||h||^-(l-F sup \\Us\\H)KSn. 
se[o,i] 


Combining 03.30^ - 03.32p . we get 

^ 0, as n ^ CX). 

By Lemma {Z^,h)H is tight in /^^([0,1],R). 

Step 2. For any a; G iP, let 


x^ = 


{x,ek)H • Cfc, L G N. 


(3.32) 


k>L-\-l 
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Then satisfies that 


1 


= AZ'^’^dt + ^ / G^(t, ut-, v)N^(dt, dv) in V'. 
vn .h 


By Ito’s formula, 


izr^ii^+2z/ 

rt 


\Z"'^\?vds 


=2 


'0 


f G^is,Us-,v)N^ids,dv),Z:A + - [ f \\G^{s,Us-,v)\\lN^ids,dv). 

\ v ^ ix / Jo Jx 


By the Burkholder-Davis-Gundy’s inequality, 


7n,L I 

H llv^ 


dt 


0<i<l 


<2E 


<2E 



+ 



e(^ sup +2z/E(^y 

G^{s,Us-,v),Z^A A^{ds,dv) 

/ II 

||G^(s, Us-, v^jjN'^ids, dv) 
\\G^{s,Us,v)\\H^{dv)ds. 


\\G^{s,Us,v)\\H^{dv)ds 


11 ryTl^L 11 

sup IIZi IIH 


0<i<l 



0 JX 


<-E( sup IIZ, 


0<t<l 


n,L|| 2 

t \\h 


'0 ^X 


+ 



||G-^(s,Ms,u)||^'d(du)ds 


0 JX 


By Fatou’s lemma. 


+ 3 


E( sup ||Z"’-^||^) < 6 

-0<t<l 



0 JX 



||G^(s,«„u)|| ‘\jJ{dv)ds —)■ 0, as L —)■ +cxd. 


0 Jx 


Hence {Z"'}„gN is tight in the Skorokhod space -Ds([0,1];-H) by Lemma [221 


Part 2: By (a) (b) (c), and the fact that {Z"',Y^) is identically distributed with 
in (D,([0,l];i7)nL2([0,l];l/),D,([0,l];Lf)), (ZG H") converges in dis¬ 
tribution in ^Zi)s([0,1]; H) nL^([0,1]; H), Zi)s([0,1]; -ff)^ Let {Z, 3^) be any limit of (Z"^, H"). 

We now prove that {Z, y) has the same distribution with (Z, Y). 

By the Skorokhod representation theorem, there exit a stochastic basis (Gi, J^i, Pi), 

and ^Zi)s([0,1]; iL)nL^([0,1]; H), -Ds([0,1]; Ff) j-valued random variables (Z”, F”) and (Zi, W) 
on this basis, such that (Z", F") (resp. (Zi, W)) has the same law as (Z"^, F’^)(resp. (Z, 3^)), 
and (Z-,F-) ^ (Zi,3^i) in (d,([ 0, 1]; iF) n ^^([0,1]; F), D,([0,1]; F/)), Pi-a.s.. 

From the equation satisfied by (Z"',F’^), we see that (Z”,F]”) satisfies the following 
integral equation 

{Z'^{t),v) = [ {Z^{s),Av)ds +{Y^^{t),v), e D{A), Fi-a.s.. (3.33) 

Jo 

Since F is a Wiener process with characteristics (0,Q(t)), is also a Wiener process 
with characteristics (0,Q(t)) and hence has a continuous version. Since lim^^ooH” = in 
^^([0,1],FF), Pi-a.s., by [ISl Chapter VI, Proposition!. 17], we have 

lim sup ||F”(t) - Vi(t)||^ = 0, Pi-a.s.. 
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Since lim^^oo Pi-a.s- in -Ds([0, l],H) fl L‘^{[0, 1]; i^), 


lim 


|Z"(s) - Zi{s)\\^ds 0, Pi-a.s., 


and for any to G T = {s ^ [0,1] : Zi(s+) = Zi(s—)} 

lim \\Z^{to)-Z,{to)fH = 0. 

n—^oo 

Combining above inequalities with fl3.33p . and taking limits of n, 

{Zi{to),v) = [ {Zi{s),Av)ds + {yi{to),v), yveD{A). 


(3.34) 


Since T is dense in [0,1], by the uniqueness of fl3.27lh we have that {Zi,yi) has the same 
distribution with (Z,V). The proof is complete. ■ 


Proof: [Proof of Proposition 13.4j Let (X, M) be the solution of the following SPDE, 

(3.35) 


dXt + AXfdt = dMt^ 
dMt = a{t, ut)d(5t 


with the initial value Xq = 0, Mq = 0. 

By Lemma [231 it is easy to see that {(Z", X, M)}„gp} converges in distribution to a 
random vector (Z°, X°, M°) in n, where 

n = (d,([0, l]-H)A L\[y 1]; X), D,([0, l]-H), ^([0, l]-H)A L\[y 1]; X), ^([0,1]; i/)), 

and (Z°, X°, X*^, M°) satisfies the following conditions 

(1) {Z^,Y^) has the same distribution with {Z,Y) in Lemma [3.41 

(2) (X°, M°) has the same distribution with (X, M); 

(3) (Z°,X°) and (X°, M°) are independent. 

By the Skorokhod representation theorem, there exist a stochastic basis (h^i, Xi, {Xi,t}ig[o,i], P^), 
fl-valued random variables (Z^, X^, X^, M^) on this basis, and {(Z”, X”, X”, M”)}„gN, such 
that (Z", X”, X”, M") (resp. (Z^, X\ X^, M^)) has the same law as (Z"-, X"-, X, M) (resp. 
(Z°,X°,X°,M°)), and (Z", X", X", Mf) ^ (Z^,Y^,X\M^) in n,pPa.s.. Since Z^ is con¬ 
tinuous, by m Chapter VI, Proposition!. 17], we have 


sup ||Z”(f) — Z^(t)||^-|- / ||Z”(f) — Z^(t)||y(it —)■ 0, P^-a.s.. 

te[o,i] Jo 


(3.36) 


We also have 


sup \\X^{t) - X\t)\\l + / \\X^{t) - X\t)fydt ^ 0 P'-a.s.. 

te[o,i] Jo 


(3.37) 
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Let L” be the solution of the following equation 

dUl{s) + AL^{s)ds + B + Z^(s) + X^{s),Us )ds + B [ug, L'^is) + Z^(s) + X”(s) )(is = 0 

L^(0) = 0. 


With the help of 03.3611 and 03.3711 . it is not difficult to prove that 


lim 

n—)'+oo 


sup \\m) - L\t)\\l + / \\LUs) - L\s)\\lds 
0<t<l Jn 


= 0, P^-a.s., 


(3.38) 

(3.39) 


where is the solution of the following equation 
dL^{s) + AL^{s)ds + B (^L^{s) + Z^{s) + X^(s), + B ^Ug, L^(s) + Z^(s) + X^(s) jds = 0; 

ZHo) = o. 

Set 1/” = L” + Z^ + X^ and 17°° = + Z^ + X^. By 03.36p . 03.37|1 and 03.39p . we obtain 


lim 

n^ + CxD 


sup \\V^(t)-V^{t)\\l+ / \\V-{s)-V^{s)\\lds 


0<t<l 


= 0, P^-a.s.. (3.40) 


Since 17" has the same distribution with 17" in L>([0,1]; 77) fl L^([0,1]; 17), and 17°° has the 
same distribution with 17°° in (^([0,1]; 77) fl 7^([0,1]; 17), the proof is complete. ■ 


4 Moderate deviations 


In this section, we shall study the moderate deviations for the following two-dimensional 
Stochastic Navier-Stokes equations driven by additive noises. 

du? + Au?dt + B(u?)dt = ftdt-\ — ^d[3t -\— [ G(x)N^(dt,dx). (4-41) 

Vn n Jx 

Recall that {cijigN is a complete orthonormal system of 77, and Aei = AjCj (see 02.511 for 
A). Here we assume that the covariance operator of /9, denoted by Q, satishes Qci = giCi. 
Denote by TrQ the trace of the operator Q. Since Q is a trace class operator, TrQ = 
ET=liQG,e^) = Er=lQ^<oo. 

Assume that G satishes the following condition: 


Condition 4.1 (Exponential Integrability) There exists 6o > 0 such that 

Co := [ ||G(x)||^exp(6'o||G(x)||H)^7(da:) <-t-oo. 

Jx 

Remark 1 Under Condition\4.1\ for any 6 G (0,00]? 


(4.42) 


E 


exp 9 sup 

0<t<l 



G{x)N{ds, dx) 


0 Jx 


HJ J 


< -Foo, 


where N is a compensated Poisson random measure on [0,1] x X with intensity measure 
dM{dx). See the proof of Lemma\4.1\ in Appendix or Corollary 4-3]. 


We will prove that A(?7 ,)(m" — u) satishes a large deviation principle (LDP for short) on 
D([0,1];77) n 7^([0,1];17) where A(?7,) satishes 01.4p . This special type of LDP is usually 
called the moderate deviation principle of n" (cf. [S]). 
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4.1 Some exponential estimates 

For any integer m > 1, let Pm H ^ H he the projection operator 


PmX = y^^{x,ei}ei, 


i=l 


and denote Hm '■= PmH. Set 


Zn,m + 


^ Jo Jx 



PmG{x)N^{ds,dx), 


Zr := - / AZ^ds + 


^ Jo Jx 



G{x)N'^{ds, dx), 


and define 


Xpn.-^ f f p^G{x)N'^{ds,dx), 
^ Jo Jx 


xr.= 


A(n) 


n 



G(x)N^(ds,dx). 


0 Jx 


(4.43) 


(4.44) 


(4.45) 


Lemma 4.1 For any 5 > 0, 


\ ^ (fi] f 

lim limsup-^logP ( sup — Z^\\h > 5 ) = —oo, 

n^oo ^ 


(4.46) 


and 


^^logP ( sup ||X, 


lim limsup logP ( sup — X^\\h >51= — cxd. (4.47) 

m^oo "" ' ' 


Proof: These two equations can be proved by the same method. Here we only prove the 
first one. Put _ z^). Then is the solution of the equation 

Zn,m f + f f {PmG{x) - G {x)) {ds, dx). 


0 Jx 


For any n, /c > 1, let gn,kiy) '■= [I + k\ ^{n 


1 

IV. Then 


9n,kiy)-=k\ {n)[l + k\ {n)\\y\\H) y, 


and 


9n,kiy) ■= -k ^ («) 1 + kX {n 


3 

2 ' 2 
H 


y®y + k\ ^{n)il + kX ^{n 


(4.48) 


H 


Ih, 


where In stands for the identity operator. Applying Ito’s formula to exp( 5 f„ ^(Z”’™')), we 
know that 

:= exp [gnAZt^ “ ^ ^ KAZjnds 
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is a local martingale, where 


K,k{y) = - {Ay,g'^ f^{y)) +n 


exp 


gn,k ( y + PmG{x) - G{x) ) - gn,k{y) 


g'n,k{y)^PmG{x) - G{x)^^d{dx). 


(4.49) 


Using similar arguments as the proof of (4.6) in [23], and choosing n large enough such that 
/c 2 A“^(n) < 6 * 0 , we get 


<- 


k 


<- 


k 
k 

’ X^{n) 


' gn,k(y + PmG{x) - G{x)^ - gn,k{y) -I-{g'^^k{y),PmG{x) - G{x)^^d{dx) 
\\PmG{x) - G(a:)||^exp (^^X-\n)\\PmG{x) - G{ 


X Wh max 


\\PmG{x) - G'(a;)||^exp (^ 6 *o||PmG(x) - G{x)\\H'^^{dx) 


Note that by the dominated convergence theorem, limm^oo Cm = 0 and 


(4.50) 


{-Ay,gn,k{y)) = kX ^{n)[l + kX 


n 


H 


''{-Ay,y) < 0 . 


Thus, for any t G [0,1], 


hnAz:n < 


nkcm 

X^{n) 


0 , as m —> oo. 


(4.51) 


Observe that 


pf sup \\Z^’^-Z^\\h>5 

\0<t<l 


yn,m\\ 

\o<t<i X[n) 


=P ( sup ljZ[' 


=P ( sup gnAZD > 1 + TiA 

\o<t<i V ^ m) 


=P I sup 

0<t<l 


<P I sup 

.0<i<l 


gnAZt’A - 1 - / KAZ^nds 


gnAZ^’A - 1 - / KAZ:nds 
Jo 


hr,Az:nds 


'0 


> 1 + 


knH^' 

A‘^(n) 


>11 + TITT - 1 - sup / KAZ:nds 
X*[n)) o<t<i io 

(4.52) 


Due to (14.5ip and Doob’s inequality. 


P 


sup 

0<t<l 


gnAZTA - 1 - / KAZ^Ads 


> 


kiPd’^X 

wPy 


- 1 - 


sup 
0<t<l Jo 


KAz:Ads 
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<P I sup 

0<f<l 


QnAz^n -1 - / hn,k{z:nds 


> 1 + 


krP‘5‘^\ 2 


< sup E 

0<t<l 


exp gn,k{Ztn - 1 - / K^Z^nds 


X\n)) 
X exp 


nkcm 

A2(n) 


< exp 


kn‘^5'^ \ 2 nkcr, 

- 1 + TT^ +1 + 


A'^(n) / ' " ' A2(n) 

where in the last inequality, we used the fact that 


kn^S'^ A 2 . nkcm 

1 H-+ IH- — 

\\n)} A2(n) 


(4.53) 


sup E 

0<t<l 


exp U„,fc(Zrn-l - / hn,k{Z:nds 


>0 


< 1 , 


since exp {^gn,k{Z^’"") - 1 - /J hn,k{Z^’'^)dsj is a nonnegative local martingale with the ini¬ 
tial value 1. Putting fl4.52p and 04.531) together, we have 

lim limsup logP ( sup — Z^\\h > d 

n^oo \0<t<l 

1 


< lim {—k^S + kcm) 


= - k^5. 


(4.54) 


Since k is arbitrary, taking k —>■ -fcx), we get 04.461) . The proof is complete. ■ 

By a similar but simple calculation, one can obtain the following lemma. The proof is 
omitted here. 


Lemma 4.2 For any m > 1, 


lim limsup-^logP ( sup > M ] = —cx), 

M^oo n->oo n Vo<t<l 


and 


lim limsup-^logP ( sup \\Z]!;\\h > M \ = —cx). 

M^oo n^oo n \0<t<l 


Lemma 4.3 For any 5 > 0, 


A^ (u) 

lim lim sup- - log P 

m—oo oo 


-z^fydtY >5 1= -CX). 


Proof: We keep use the notions in the proof of Lemma 14.11 As for any m, n, /c > 1, 


\Z^’^-Z^\\ldt 


AH 

n 

AH 

n 


\Z^’^\\ldt 


'0 


^ k 
1 + 


'0 


X^{n) 


\^t \\h 


I yn,m\i2 

\^t \\v 


1 + 


X‘^{n) 


I ryn,m\\2 1 7. 

\Zt IIh 1 dt 
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< 


< 


AH 

n 

A^(n) 


sup 

0<t<l 


- sup 

2n o<i<i 

it suffices to show that 







A2(n)' 


wzrwut, 


and 


limsup^-^logP f sup + > -^— 

n^oo n \ 0 <t<i V 


lim 

m^oo "H. 


■5 j = —oo, (4.55) 


m—>-oo )-oo 

Since 



lim lim sup log P [ [ 

n \ ./n V A^(n) ^ 


• > n^j = —oo. (4.56) 


p (sup (i + = p (" sup ||z; 

\o<t<i V ^ W ) A^{n) j Vo<t<i 

fl4.55l) follows from Lemma [4.11 Next we prove fl4.56l) . Set 

/•i / 7. \ -h 


■n,m 'ynll2 ^ x2 ^ (^) 


R 





'0 


A2(n) 


Recall fl4.48p . 


ku 


k 


7n,m\\2 


A2(n) A2(u)ll^* 


nzn^v = (Azr,9nM^r)), 


Combining this with fl4.49p . 04.50^ and fl4.5ip . we get 




Rn,m,k — 


nkcm 


where Cm is dehned in fl4.50p . which converges to 0 as m —)■ oo. 
Therefore, 


P {Rm,n,k > n6) 

^ f ^ i>nk6 A 

V ^ A^ ) 

^ h'nk6\ 

<P l^gn,k{Zl ’ ) + -^^Rm,n,k > j 

=P (gn,k{Zin - 1 - h{Z^ndt + 1 + /' h{Z^ndt + -^Rm,n,k > 
\ Jo Jo A2(n) 

<P (gn,k{ZD - 1 - KZ^ndt > ^ - 1 


unk6 


A2(n) 


A2(n) 
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unk5 nkcm 

- ^ I ’ 

X^{n) X^[n)) 


which yields 


(ti) 

lim limsup- - logP {Rn,mk > n6) = —k6v. 


Since k is arbitrary, taking k —>■ +cx), we get (14.561) . The proof is complete. ■ 

By a similar but simple calculation, one can obtain the following lemma. The proof is 
omitted here. 

Lemma 4.4 For any m > 1, 


lim lim sup log P f [ \\Z^’^\\ydt > m\ 
M^oo n \Jo " * J 


= —oo, 


and 


lim limsup 


M^OO 


^^logP WZ^fydt > = -oo. 


Recall (11.3p . then 


A(n) 


dY,^ = - AY.^dt - BivF, Y.Adt - BCY,^, uAdt + 

\/n 


A(n) 


n 


G{x)N^{dt,dx). 


(4.57) 


Denote by the solution of the following equation 


A(n) 


^yn,m ^ ^ ^ ^d/3, 


n 


A(n) 


n 


P^G{x)N^{dt,dx). 


(4.58) 


Lemma 4.5 (1) For any 5 > 0, 


lim limsup logP ( sup ||T)"'’™' — 

n^oo ^ \0<i<l Jo / 


(2) For any m >1, 

lim limsup ^ ^ ^ logP f sup + u f > T 


T^oo 


n 


\o<t<i 


= —CX), 


—oo. 

(4.59) 


(4.60) 


and 


lim lim sup log P r sup ||Ri”'||H + ^ = —cx). (4.61) 

T^oo n->oo n \ 0 <t<l Jo J 
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Proof: Set 


Yn,m _ _ ^n,m _ y^n _ 


(4.62) 


Then and solve the following equations, respectively, 


A(n) 


^yn,m ^ ^ yn,m ^ _ ^^yn,m ^ yn,m ^ ^ 

\/n 


and 


dP” = -AYl^dt -B[ut + 
Note that 

P 


yn _|_ yn _ \ _ Air?') 

Y,- + dt - B{Yl^ + zr, Ut)dt + 

A(rr) J Yn 


f sup ||F”’”^-F”|||^ + z/ / 


\o<t<i 


\YY - YPWUt > 6 


<P ( sup llzr-” - zrilff + " /' IIZ.”'” - Z,”llt<i( > 

Vo<t<i do 

+ p (sup Iiyr'™ - y”||^ + IS f Iiyr'™ - fnil-dt > I). 

\o<t<i do 


By Lemma [4.11 and Lemma [4.31 for any d > 0, 


lim limsup—^logP^ sup ||Z"’™'— Z”||^ + z/ [ ||Z”’™' —Z, 
m^-oo n Vo<i<l do 

To prove (14.5911 . it remains to prove that for any d > 0, 


> d 1 = -cx). 


(4.63) 


lim limsup logP ( sup ||Y)"’™ — + z/ [ ||Y)"’™ — Yl'Wydt > d^ = — 00 . 

ri—>-oo ^ J Q J 

(4.64) 

For any M > 0, do > 0, define stopping times 


:= inf t > 0, \\ZY^ - Z^h > do or 


771, m ryn\\2 


Z^Yvds > do , 


T^ 


:=inf{t>0,||y,"||H>M}, 


and 


^y,2,M := inf{^ > 0, / ||P”||yds > M}. 


We also define similar stopping times for Y^’"^, Z”, Z"-’™, denoting by t^Ymi '^y’Tm^ ^zxmi 
^ z,2,M^ '^zxM^ respectively. Let 

71,m n A A A A A A A 

‘M 'y, 2 ,M ^Y, 2 ,M ^Z, 2 ,M' 

For any M > supo<f<i ||mJh V ||Mi||ydt, set 


:= sup < M n sup ||y,"||rr < M n sup HZ^^Urr < M 

0<Z<1 J lo<Z<l J lo<Z<l 
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n <; sup \\z^\\h <m\ , 


ryn.m 


< m| n I f WY^^Wlrdt < m| n I f \\z^'^fydt < m 


n 


l^lZXvdt < 


and 


/-in.m I II ryn.m r/nw ^ r 

<^5o :=isup||Zi’ -Z^\\h<5( 
lo<t<i 


’0; 


\\Z^'^ - znldt < 5, 


’0 


Then 

P ( 

=P ( 


z/ / - Y^ldt > 4 n n n 

0 J 

l|-f>n,m A>mi2 I / A>nll2 jj. ^ r I i ^ n,m, . n,m \ 

sup ||Fi ’ -Y^Wh + i^ \\Y^’ -Y^ \\ydt> S\ ,1 <t^ Ats’ 

n<z<i Jo ) ) 

- n M 5q 

yrwi+i' 


‘iiin _ y^||2 I 

sup II if. IIj^ -h 

0<i<l 

■n,m vn\\2 
I --j.- ,,-Z IIh 

1^0<Z<1 


,m 


<P ( sup \\Yt 

V0<^<lArJ^^ /\Tg^ 

Applying Ito’i 


formula to n.m — Y!^ 


rtAr2{^AT^^ 


A(n) 
- 2 


j 

n.m„ n.m 11^, WC haVO 
, A n.m A n.m 

ptATjJ AtA 

y;>> * 


(?” + zj. n" + z.”). n”" 

'o 

{B [us, F”’”^ - F” + Z^^^ 

'o 


u 

, A n.m A n.m 

AtA 

■ 2 


JO 

, . 4. A n.m 

2\{n) ^ 


(^(yn.m 


■ n"> ds 


/n 


- F" + z^’^ - z^, Us ), F”’”^ - F,") ds 

!. A n.m 

At^ 


r» , V 4 A n.m . n.m 

n) r 

^d(/3^-/9F) + -^ / 

^ Jo 


oo 

Z dids. 

i=m+l 



sup ||FF 

r,^ ^4A n.m A n.m 
0<s<tAT^ ATg^ 

2 

, A n.m A n.m 
rtAr^ Afg^ 

A(n) 

J 


, A n.m A n.m 

/‘^ArJ^^ AtA 

+ 2 

/ K 


/o 


, A n.m A n.m 

+ 2 

/ K 


, A n.m A n.m 

■niii + 2^ / 

/ n 


IIFF”^ - FlP^ds 


,FF™-F”>|ds 




>71,171 \z7i I rvn,m 'yn\ \rn,m 

s ^s ^ s ^s Jf ^s 

■n,m \zn i ryn,m ryn \ \>n,m 
s ~ ~ :^s), is 


■U”>|* 


20 



2A(n) 


sup 


T), r\ ^ ^, A n.m . n.m 

^ 0<s<^ArJ^^ Ar^^’ 




X\n)t ^ 

+ E 


n 


i=m-\-l 


=:Ih + Ih + //3 + 


2A(n) 


sup 


n 0<s<tAr;^"*Ar"’'" 


(yn,m_Yn^d{/3:!^-/3r)) 


X\n)t ^ 

+ E 


n 


2=m+l 

(4.65) 


By the virtue of the properties to b{-, ■, •), for the first term, 


, . n.m . n.m 


, . n.m A n.m 
jy 

/ 

/o 


\H-\\Y:^^-Y:\\vds 


WY^'^-Y^fyds 


" ^ U 

, . n.m . n.m 

16 

z/A^(n' 


. , io 

, . n.m . n.m 

rtAr^ Ar,^ 

"iX 


IIU" + 2,”llt ■ 11?" + zrll«<ii> 




/o 

( , . n.m A n.m 

ptAr^ AtA 

/ \\Y:+z:\\ids 

Jo 


< 


n.m A 1 

"m 

, A n.m A n.m 


16 

-4 7„ + ^ 

For the second term, 


■Ml 


IIo =2 


n.m A n.m 

M Ar^ ’ 




(4.66) 


<4 


. . n.m . n.m 

rtATM ATg^ 


u 


1 

I 2 
5|lff 


lu.iii • \\z:’^ - z:\\i ■ \\z:’^ - z:\\i • ri’- - Y^yds 


, A n.m A n.m 

y Ar,^’ 


<- 

“4 


'0 

16 

u 


WY^’^-YXvds 


, A n.m A n.m 
r-tAr^ ATg^ 


\uA\h- llu.dlv ■ wz?’^ - Z:\\h- WZ?’^ - z^vds 


<- 


, A n.m A n.m 

y Ar,^ 


16 

\\Z"’^-Y:fyds + - sup ||u,||h 

lA 0<s<l 


sup 

rv^ A n.m A n.m 

0<s<tAT^ ATg^ 


I ^n,m _ \ 


j_ A n.m A n.m 
rtAr^ ATg^ 


X 


I'^slly'Xs 


, . n.m A n.m 
rtAr^ ATg^ 


\Zn,m _ Z^fyds 


\H 


<- 


, A n.m A n.m 

y Ar,^ 


'0 


16 

\\Y:’^-Y:\\lds + -iM6o)Z 


(4.67) 


For the third term, we have 

, . n.m A n.m 
rtATj^ ATg’ 


Ih<2 


>0 


{B{YA'^ - Y:,u.),YA"' - Y^)\ds 
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, . n.m . n.m 


<4 


Jo 

, . n.m . n.m 


\(B{Z"’‘ - zj,«.),n”" - y")I <is 


PT’” - y.”i 


, . n.m . n.r, 

l-tATM Arg^ 

■ 4 


1^/ • iin’ 


n,m 


■ Y^Wv ■ llWsIlyfis 


■y^n 

c 


1 i i i _ 

\ ryn^m '7n\\2 \\ 'yn^m '7n||2 Ik, || 2 |L, || 2 \\\rn,m 

.\^s ~^s\\h'\\^s ~ ^sWv ' W^sWh ' W^sWv ' W^s 

, . n.m . n.m 

IlFk”^ - + - / IIF;-- - • WusWUs 

^ Jo 

/-iAr^ Atj’ _ _ 

+ 4 / iiFk”^-?rkv^ds + - 


\vds 


O U 

I . n.m , n.m 
y 


Jo 


X 


( , . n.m . n.m 
rtAr^ ATg^ 

Jo 


sup 

0 <s<tArS’"Ar;^’™ 


V^ll 

■ \\h 


\\Z^’^ - Z^W^ds 


, . n.m . n.Ti 
j-tAr^ ATg^ 


Iksllu 


■ds 


I . n.m . n.m 

/-tArj^ Ar 

-2 1 


Set M, = 2^ 

that for any 0 < t < 1, 

sup 


, . n.m . n.m 

^ ./n 


16 ^ 


■Y^,d{l3T 


(4.68) 

- /9s)). Putting fl4.65p - fl4.68l) together, one obtains 


n.m . n.m 




n,m 


Y^rn + i^ 


, . n.m . n.m 
ftATj^ ATg^ 






0<s<tAr;^"‘Ar. 


^ I 16M3 ^ 32(M^o) 2 ^ ^ g- + 


A^(n)z/ 


z/ 


n 


16 


z/ 


, . n.m , n.m 
f>tATg^ ATg^ 


2=772+1 
II2 Ik. II 2 


sup I Ms 

0<s<iAr;;^’"Ar"’’" 


llY^n,m_Yn\\^^.\\Ug\\i,ds. 


c„4- r’ _ ifajM" I 

oei ^n,M,5o • \‘2{n)i, ' 

inequality, we get 


._ 16 M^ I 32 {MSo)^ I A^(n) 


f —hh *?*• ^PPki^g Gronwall’s inequality to previous 


sup 

_n,m ^ _n,m 
^0 


\Y:’--mH+^ 


I . n.m . n.m 
-tAr^ ATg’ 


< Cn,M,5o + sup I Ms I X exp 


, . n.m . n.m 

iATM Ar,^’ 


r» ^ ^1 A n.m . n.m 

0<s<tATjJ Arg^ 


V 




< 


^ /16M\ 

Cn,M,So + sup \Ms\ ] ■ exp - 

0<s<tAr^^Ar^^ } \ ^ J 


Set Cm '■= exp (^^). Applying the martingale inequality in [7] to M, it follows that 


i 


E I sup 

\ r\ ^ ^lA n.m. n.Ti 

\0<S<tAT^ ATg^ 


|y" 




n,m A _n,m 


If. IL, III A 

r^tAr,; Ar, 


•50 


||yn,. 


Ysfyds 
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<2CiM,&C';, + 2 e( sup |M,r) C 

\ \ r\^ ^j.A n.m . n.m / / 

' ^0<s<iAT^ ATg^ I 


2 

M 


— 2Cn,M,<5o^M + 


\^{n)cCljp 


n 


E 


/o 


^2 I A2(n)cC'|^p / ^ 

\i=rn+l 

X‘^{n)cCliP '■* - 


, , 'n.rn . 'n.rn rsr\ 
°° 

2 

Qi 1 ^ 


9.iin”'’”-n”ii'l,* 


2=m+l 


n 


TT^ / IIY^ri,m 

Ill* I 1 . n.m . n.m 1 ^,.n,m .n,m ii rj 

Q u V" "" 


|2p 


ds, 


(4.69) 


where we have used the Minkowski’s inequality [2T1 page 47] in the last inequality. 
Applying Gronwall’s inequality to fl4.69p . we have 


E 


sup 


n.m . n.m 


\\Y:’^-Y:rH + u 


1 . n.m . n.m 
ATg^ 


< 


2Cn,M,5o^M + 


2 , X‘^{n)cCl^p 


n 


y^2 = m+l 


X exp 


\\Y:^^-Y:fyds 

X^{n)cCljp \ 
n ) 


(4.70) 


Taking p = by Chebychev’s inequality, we have 


lim limsup 

m^QO n 


< lim lim sup log 

7TL ^CXD —VrvA 


A^(n) , ^ f 

- - log P 


sup 


WY-’^-Y-rn + iy 


1 . n.m . n.m 
-1ATJ^^ Ar^J 


E 


\ A n.m . n.m 

\0<^<1ATJ^^ ATg^ 




sup 

r\ ^ I A n.m . n.m 
.0<t<lAT^ ATg^ 


n,m A _n,m \ P' 

n,m 


1 A n.m A 
UATJ^^ ATg^ 




log 


64 


< log ( -{Mdor^Ci, ) + 2cCi, - 2 log 5. 


(4.71) 


To finish the proof of fl4.59p . we now turn to proving 04.60^ and fl4.6ip . The 
proofs of fl4.6np and fl4.6ip are similar, we shall only prove the second one. Recall fl4.62p and 
Lemma 14.21 and 14.41 it suffices to show that 


A^(n) 


lim limsup logP ( sup ||Tf"'||^ + ^ / > T ) = —cxo. 

T^oo n->oo n \ 0 <t<l Jo 


For any 9 > supo<j<i ||Mt|||/ V [||Ms||yds), define the stopping time 


:= mi{t > 0, \\Z^\\h > 0 or / \\Z^\\i.ds > 9}, 

Jo 


and set 


A^= <; sup \\Z^\\H<9'>n 

.0<t<l J iJo 


iz^fyds <9y 
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Using the same method as in the proof of fl4.71l) . one obtains 


A^(n) 


'•I At! 


z,e 


lim limsup ^^logP sup ||U”||^ + z/ / ||U"||yds > T = -cx). 


T^oo 


n 


Because of Lemma [4.21 and 14^41 for any i? > 0, there exists some 9 large enough such that 

(ti) 

limsup^^logP((Al")") < -R. 

n^oo ^ 

Thus for the above choice of 6, we have 

lim lim sup log P ( sup \\Y^^\\l + ^ f > T 

^ "" Vo<Z<l Jo 


»lAr5 


> T 


( — 

< lim limsup-^logP sup llA^rilff + 

T^oo n^oo n \o<f<lATgg 

A^ ( Ti] 

V limsup- - logP((y4g)'^) 

n—>oo Ti 

<-R. 

Due to the arbitrariness of R, 04.611) follows. Similarly, we have 04.60^ . 

Next we continue to prove (I4.59|) . Because of Lemma [4.21 Lemma [4.41 O4.60p and 
04.611) . for any R> 0, there exists some M > 0 such that 

A^ (ti) 

lim limsup-^ logP((74^™')‘^) < —R, 

m^oo Ti 

yj (ti) 

lim limsup- -\ogF{{B^^y) < —R. 

m—>-oo ^ 

By Lemma [4.11 and Lemma [4.31 for any 5o > 0, we have 


A^ (tl] 

lim limsup-^ logP((C'^’™')'^) = —oo. 

m—>-CxD Yl^OO ^ ^ 


(4.72) 


(4.73) 


Thus for the above choice of M, by 04.7ip - 04.73p . we have 

lim limsup logP ( sup ||FA™ “ + ^ f ^ 


\o<t<i 


< lim limsup 

m^oo Tl 


A^(n) , ,,,, ( 

- - log P 


sup 


yo<i<iAT;‘;"''AT; 


n.m . n.m 
M 


\\Yr-YnH + ^ 


-1 . n.m . n.m 

-IATj^ Ar^J 


-Yyfydt> 6 


V lim limsup- - log F {{) \/ lim limsup- -\ogF{{Byy^y) 

m^QO n^oo Ti m^oo n^oo Ti 

A^ (Ti) 

V lim limsup-^ logP((C'U™')'^) 

m—>-oo Tl 


< 


(^log 


64 


u 


(MdoyCi, + 2cCi, - 21og<5 V i-R) 


Letting (5o go to 0, by the arbitrariness of R, 04.64p follows. Consequently, we have 04.59p . 
The proof is complete. ■ 
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4.2 Moderate Deviations for Levy process 

Let X he a. regular Hausdorff topological space equipped with some cr-algebra A containing 
an open basis and a close basis for any x E X, and {/in}neN a family of probability measures 
on X. Recall the dehnition of large deviation principle from [8]. 


Definition 4.1 {/Xn}n>i satisfies a large deviation principle if there exists a family of pos¬ 
itive numbers {h{n)}n>i which tends to +oo as n ^ +oo, and a function I{x) which maps 
X into [0, +oo] satisfying the following conditions: 


(i) for each I < +cx), the level set {x : I{x) < 1} is compact in X; 


(a) for each closed subset F of X, 


lim sup 

n^oo 


1 

h{n) 


log/i„(F) < 


— inf I(x); 

x&F 


(Hi) for each open subset G of X, 


lim inf --rw 

n^oo h{n) 


log fin(,G) > 


— inf / (x), 

x&G 


here h{n) is called the speed function and I{x) the rate function. In that case, we simply 
write (/in)n>i € LDP{X, h{n), I). 

Let (3^, p) be another complete metric space equipped with some a-field containing all 
balls. In large deviation theory, when {pn}n>i satisfies the LDP{X, h{n), I) and f ■. X ^ y 
is continuous, o f~^}n>i E (3^, h{n), If), where 

iAy)-= inf y^y- 

fm=y 

This is the so called contraction principle. The following generalization contraction principle 
is taken from m Theorem 2.2]. 

Theorem 4.1 (Generalized Contraction Principle) Assume {pn}n>i ^ LDP{X ,h{n),I) 
and fn ■ X ^ y be a measurable mapping up to pn-^guivalence for each n. Suppose that 
there exists a seguence of continuous measurable mappings f^:X^y such that 

lim lim sup -j— log , /„) > 5) = -cx), Vh > 0. (4.74) 

N^oo h[n) 

Then there exists a mapping / : [/ < +oo] —)• y such that 

sup p{f^{x), f{x)) —)• 0, as N ^ + 00 , VL > 0; (4-75) 

x&[I<L] 

and {Pn o ffi^}n>i e LDPfiy, h{n), If), where 

Ifiy) := mf{I{x)\I{x) < +oo,f{x) = y, Wx E X}. 

Remark 2 When fn = f is independent of n, the result above extends |2l Theorem 4-2.23]. 
The main difference is: fl4.75p being an assumption with f = f in Theorem 4-2.23], 
becomes now a conseguence of the large deviation in this new version. 
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Let £' be a Polish space with metric d. Consider the cadlag space -D([0, 1]', E) equipped 
with the uniform metric p{xi,X 2 ) = sup^gjop]^ 2 (^))- If is a complete but not sep¬ 
arable. Thus the known MDP results for the sums of i.i.d. random vectors with values in 
a separable Banach space (see De Acosta [1] and references therein) do not hold. In this 
part, we shall establish the MDP for the Levy process by Dawson-Gartner’s projective limits 
approach, see [8]. 

Consider the production topological space 

:= {x = {xt)t^[o,i]\xt eE,yte [o,i]}. 

Let A := {{ti,t2,-'' An} C [0,1]; n > 1} and $ : D([0,l];ii^) — )■ For any a G M, 

let Pa be the canonical projection of to i?". Given a family of probability measures 
{/^n; n > 1} on D([0, l];E), let p" := Pn ° ° Pa^ for any a in A. 

Here we quote the criteria of the exponential tightness for cadlag stochastic process from 
m Proposition 5.6, page 264]. 

Theorem 4.2 Assume that for every finite a C [0,1], {/r“; n > 1} satisfies the LDP on E°' 
with speed h{n) and with rate function la- If for any rj > 0, 

lim sup limsup log/^n [ sup d{x{s),x{t)) > p \ = —oo, (4.76) 
'^^o+te[o,i] n^oo h[n) \t<s<{t+s)Ai J 

then {pn',n > 1} satisfies the LDP on {D{[0,1]', E), p) with the speed h{n) and with rate 
function 

I{x) = sup/„(po($(a;))), X G D([0, l]-,E). 


Let us give a moderate deviation principle for Levy process. 

Theorem 4.3 Under Condition \4- 1 \ J^G{x)N"'{ds, dx)',n > 1} satisfies a large de¬ 

viation principle on D([0,1];L7) with the speed n/X^{n) and with the rate function 

I fwj = / 7 £( 2 /'(^)’n”^ 2 /'(s))ds, ify(t) = J^y'{s)ds] 

^ \ - 1 - 00 , otherwise. 

where H := (7ry)ij>i := {^^{G{x),ei){G{x),ej)A{dx)) . 

Proof: Let be a sequence of i.i.d. compensated Poisson random measures on [0,1] x X 
with intensity measure dt'd{dx). Then 



0 Jx 


G{x)N'^{dsAx) has the same distribution with G{x)Nk{ds,dx). 


k=l 


0 JX 


Denote fk{-) ■= Jq f^G(x)Nk(ds, dx), k > 1, which are i.i.d. random variables taking values 
in D([0,l];i7). Hence, it is equivalent to prove the theorem for We divide the 

proof into two steps. 


26 





Step 1. LDP for finite dimensional distributions. Recall the projection operator 
Pm in 04.431) . By Theorem 3.7.1 in [S], Remark [T] and the independence of increments of 
one obtains that for any finite subset a = {0 = to<^i<‘‘'<^iv = l}) 


A(n) 


n 


n 


• • ■ , ^ Pm[^k{tN) — ^k{tN-l)] 


,k=l 


k=l 
2l 


satishes an LDP on {Hm)°‘ with the speed n/\^{n) and with the rate function given by 


N 


( \ > ^yi) ^ iij \a 

(2/1, • • • , Vn) -t ^ 2(t/ -ti i) ’ ^ ^ ’ 

where := Jx{PmG{x), ei){PmG{x), ej)'d{dx). Thus by the contrac¬ 

tion principle [HI Theorem 4.2.1], 


A(n) 


n 


n 


n 


Pm^k{t 

^k=l k=l 

\2/ 


N) 


satishes an LDP on (Hm)^ with the speed n/\^{n) and with the rate function 


Imiya) = 2^ -^-> ^y ^ i^rn) , 2/(0) = 0 


1=1 


‘^{tl — tl-i) 


and /“ ( 2 /a) = +oo if 2 /( 0 ) 7 ^ 0 . 

By Lemma [ 4 .R we know that for any 5 > 0, t G [0,1] 


lim ItosupLMlogpfM 

771^00 Tl \ Tl 


J2^PmUt) - Ut)] 


k=l 


> 5 = — 00 . 


H 


Using the approximation theorem [HI Theorem 4.2.16], one obtains that 

A(n) 


n 




^k=l k=l k=l 

satishes an LDP on iL" with the speed n/A^(n) and with the rate function 

/"(a.) = t, ^ „ 


1=1 


— ti-i) 


and /“(2/a) = +00 if 2/(0) ^ 0 , where Bat := ’ ^*-1 •= d)(G(x), ej)d{dx). 

Step 2. Exponential tightness fl4.76p . Using similar arguments as proof of fl4.54p in 
Lemma ITTl one obtains that for any h > 0, 7 / > 0, 0 > 0, t G [0,1], 


. A^(n) ( \in) 

hm sup-log P sup - 


t<S<{t-\-S)Al ^ 


- &(()) 


k=l 


> V ] < —O'^T] + 9Co6, 


H 
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where Cq is the constant in Condition 2.1. Since 9 is arbitrary, 


hm sup hm sup-log /i„ 

n^oo n 


( sup 

t<s<(t+(5)Al 


AH 

n 


k=l 



—oo. 


By Theorem 14.21 X]fc=i/o/x satishes the LDP on D([0,l];iL) with the 

speed n/\^{n) and with the rate function given by 


h{y) = sup Io,{pa{^{y))) for any y e D([0, 
a&A 


By the classical argument for identihcation of the rate function (see |8l Chapter 5]), we have 
h{y) satishes fl4.77p . 

The proof is complete. ■ 

By the scaling property of Brownian motion, > 1} satishes a large deviation 

principle on D([0,1]; H) with the speed n/\^{n) and with the rate function I 2 given by 


Hy) 


Uo(9'(^)’y'(^))ods, if y(t) = f*y'(s)ds,y' E L^dO, Ij; Hq); 
+ 00 , otherwise. 


(4.78) 


where (•, ^ is dehned in 02.141) . By the large deviations theory on production space, one 
can easily obtain the following result. The proof is omitted here. 

Corollary 4.4 Under Conditioned^ /o /x^ ^ 1} satisfies a 

large deviation principle on D([0,1]; H) with the speed n/\^{n) and with the rate function I 
given by 

I{y) = inf{Ji(|/i) + 12 ( 1 / 2 ); 1 / = 2/1 + 2 / 2 }. (4.79) 


4.3 Moderate Deviations for Stochastic Navier-Stokes equations 

For any g E D([0,l];i7), denote by (l){g) E iA([0,l];i7) fl L^([0,l];17) the solution of the 
following equation 

B{us,4>s{g))ds- [ B{(j)s{g),Us)ds + g{t). (4.80) 

Jo 

For any h E D([0,1]; 77), set 


'>t(g) = - 


ft ft 

A(j)s{,g)ds- I 


i{h) := inf{I{g) : h = <t>{g),g E D([0,1]; H)}, (4.81) 


with the convention inf{0} = + 00 , where I given by 04.791) . 

Our second main result is the following moderate deviation principle of 


Theorem 4.5 Under Conditions \2. 1\ and \4Cl\ Y'^ = \{n){u"'—u) obeys an LDP on D([0,1]', H)C 
L^([0,1]; V) with speed function n/X^(n) and with rate function I given by 04.8ip . 


Proof: By Corollary 14.41 we know that the law of 
























satisfies a large deviation principle on -D([0,1]; H) with the speed function n/X^{n) and with 
the rate function / given by fl4.79p . 

For g G D{[0,1]; H), denote by ^ H) fl L^([0,1]; Id) the solution of the 

following equation 

^(On(fi')(s))ds- [ B{(j)n{g){s),Us)ds + g{t). (4.82) 

Jo 

Then = 0n(Cn)- 

Recall fl4.43p . We introduce a mapping 0™'(-) from T>([0,1]; H) into T>([0,1]; i7)nL^([0,1]; V) 
as follows: for g G Zi)([0,1]; if), dehne := (j){Pmg) where cj) is defined in fl4.8UI) . It is 

easy to see that := 4>'^{Cn) is the solution of the following equation: 


(f>n{g){t) = - A(t)n{g){s)ds- 


+ ^d^'A + ^ [ PmG{x)N^{dt, dx). (4.83) 

Yn n Jx 

By Lemma 14.61 below, the mapping cjY^ is continuous from ii([0,l];if) into ii([0, l];ii) fl 
L^([0,1]; Id). Then by the contraction principle in large deviations theory, {R”'’™; n > 1} 
satishes an LDP on D([0,l];if) fl L^([0,1]; Id) with speed function n/\^{n) and with rate 
function /"* as follows: for any h G ii([0,1]; if), set 


f™(h) := inf{f(^) : h = ^^{g),ge fi([0,l];ff)}, (4.84) 


with the convention inf{0} = +oo, where f is given by fl4.79p . 

Finally, by the generalized contraction principle (see Theorem 14. ip . to prove Theorem 
14.51 we need to prove that > 1} is exponentially equivalent to {Y"'-,n > 1}, which 

has been done by Lemma 14.51 The proof is complete once if Lemma 14.61 blow is proved. ■ 


Lemma 4.6 The mapping (f)'^{g) = (j){Pmg) is continuous from D{[0,1]] H) into D{[0,1]] H)r\ 
L^([0,1]; Id) in the topology of uniform convergence. 

Proof: Let Vt{g) = (fTid) ~ Pmg{i)- Then Vt{g) satisfies the following equation 


Mg) = - A{vs{g)+Pmg{s))ds- B{vs{g) + Pmg{s),Us)ds- 


To prove this lemma, it suffices to show that, for any 
lim^^ supo<t<i \]gn{t) -g{t)\\H = 0, 


B{us,Vs{g)+Pmg{s))ds. 


(4.85) 

g G if([0,l];if) such that 


lim sup \[vt{gn) 

n^oo \o<t<l 


Mg)\\H + ^ WMgn) - vt{g)\\lds 


0 . 


Now by the chain rule. 


\]vt{gn) - vt{g)\\H + 2z/ / ||n.(^n) - Vs{g)\\vds 

Jo 

‘J I (^s{gn) '^s{g) T Pmgn{s) Pmg{s)i , Vg{gjf) 
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(4.86) 



By the virtue of the properties to b{-, ■, •), we have 



ds 


ds 


s{y)\\H ■ llwslluhs 


+ 2c / ||Pm5'n(s) - Pmg{s)\\v ' ||Ms||v ' “ Vs{g)\\vds 


<- 


u 


16 / 

\Vs{gn) - Vs{g)\\vds H-/ \\Vs{gn) - V. 


sKyiwh ■ 


u 


4c 


2 rt 


+ 7/ hsign) - Vs{g)\\vds -/ \\Pmgn{s) - Pmg{s)\\v ■ WusWvds. (4.87) 


For the second term, 


'2 ^ 


<2 



'0 


B{Us: Pm,gn{^P) Pragi^P)) 1 s{,gn4) 


ds 


<2C / IIm^IIv' ■ \\Pmgn{s) - Pmfi'(s)||y ' ||v^(fi'n) “ Vs{g)\\vds 

Jo 

12 .. . 4c2 /•* 


<- 


\vs{gn) - Vs{g)\\vds H-/ \\Pmgn{s) - Pmg{s)\\v ' \\us\\vds. (4.88) 


'0 


u 


>0 


For L 


3, 


l-fsl ^212 I ||Fhi^^(s) Fhi5'('®)II v||^s(5'ri) ^s(i7)||y*^'S 

Jo 

/ \\Vs{gn) - Vs{g)\\vds + 4 i2 I \\P^gn{s) - Pmg{s)\\vds. 


(4.89) 


>0 JO 

Putting fl4.86l) - fl4.89l) together and applying Gronwall’s inequality, 

sup \\vs{gn)-Vs{g)\\v + JJ \\vs{gn) - Vs{g)\\vds 

0<s<l Jo 

-(^j^ \\Bmgn{s) - Pmg{s)\\v- (^^\\u,\\y+4i?jds'^ -exp^^ llw^llyds 

< f sup \\Pmgn{s) - Pmg{s)\\v ■ f f — 1| Ms || y + ds V exp f — [ ||Ms||yds 

Vo<s<l Jo ^ ^ ' J Jo 


0 , as n ^ + 00 , 
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where we used the fact that lim„^ooSupo<t<i \\gn(t) — g(t)\\H = 0 implies 

lim sup \\Pmgn(t) - Pmg(t)\\v = 0, Vm > 1. 

n-^oo o<i<l 


The proof is complete. ■ 
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